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FOREWORD

Phe reasearch reported hereln wan vanduoted by the
ataff of Monmanto/Washlington Univearalty Assoclation unde)
the aponsorahip of the Advanced Nesearoh Projeots Agenoy,
Department of hefanne, through a contraot with the Offloe
af Naval Remesroh, NOOOLA=67-C-021H (Formariy NDODIA=66-C-
004%), ARPA Lrder No, B76, UNR contraot authority N IN6-4Nd4/
4=13=66, antitied "Davelopment ol High Paryfarmanoce Compon ltan, "
the prime eontractor Is Honsanto Remaaroh Corporation,
Phe Program Manager s by, Rolt Muehdahl (Phone=314=694-4721) .
e contract (s funded for $6,000,000 and axplioen

W0 Apri) 1971,



A GENERALIRED BQUATION FOR THR KLARYTIC MODULI OF
COMPOMLTE MATRRIALR

Lawtanne W, Nielsen

AR BT RALT

A genaralired aguation Ia proposed tor the relative
alastio modull of componite maturlale, Dy the Introduetion of
a genervalived Binsteln ommftiolent and a tunotion whioh von-
sidere the maximum valumetric paoking fravtlon of the €i]ler
phase, the modull of many types of oomponlte systems oan he

calonlated,

(Contelbution HPC 70014 Trom the Monsanto/Washington Unlvearsivy
Asnoolation aponmored by the Advanoed Renwaroh Vrn%-utn Ayenoy ,
Hepartmant of Delfnnee, undar OHR Contract NDOOL4-67-1 0210,
formar by NOOOIA-60-C-004%),



A GENERALIBRED BQUATION FON 'PHE KLANTIC MODULLE OF
COMPONITTH MATERIALN

Lawrenve K, Nlalsen

LNTRODUCT FON
Walpin and Teal (1-3) have shown how the Kerner (4)
equations and many othar equations for the elastio mwodull of
vompos i te materiale van he put into an egquation of the yeneral

form
L+ AN,
'

M L J
W, ('

(1)

d

In thin egquation M and Ml are the elastio modaull (shear, Younyg's,
or bulk) of the compeslite and matvix, r1espactively, ¥y in the
voluime fraction of tilley phase, while A and B ave vonstante for
any glven vomposite, The constant A takes Into acoount sueh
fantorn an geomstry ol the (iller phane and Polsson's vatio of
the matrix, The oconntant B takes into avvount the relative

modull of the filley and matyix phasen, and Lt ta defined an

M,/M, = |
g ﬂﬁmfz'a ' Ll

The subacripts | and 2 velfer to the matvix and filler phases,

ranpectively,



A_Qeperalised Kquation

Rguation ) omits several important ftactors, but It van
be extended to take them Into aceount, 1t han long hesn knawn
in the thoory of viscosity af suspensions that the maximam
packing frastion of the filler must he conwsldered (%=7), Phe
packing of the filler phase should alwen be vonuidered In the
theory of the modull of componlte systems, In some canes Lhe
maximir, volumetrio paoking frantion *m van bhe valoulated fyam
theary, in other vanss Lt 1s mast eanily ohtalned from wodimenta-
tion volumen, Lewin and Nielwen (8, 9) showed haw eguation |
oan he modified for the whear modulus U tn take Into aveaunt

‘m to glve

B = LTS
T

whare ¢ ia given by auch funotlions aws

1 = 4
W-.l :-!‘!i')*J (‘)
' m
0y
-,
v - | = CTTL g — 'é-- : ' "”
4 L& 4J/*m

Niwlosan alao (1luntrated the applioabllity of sguations 3 ta O
in determining the modulus nf systems where phane Inversalon oan

aoaur (W),



- 3 -

The generality of equation 1 can be further enhanved by
pointing out the relation betwean the vonstant A and the
generalised Kinsteln cosfflolent k, 'fhe gonaralliand Rinwteln

voaffialent may be definad as

: A(M/my - 1) -
' » : b
i,

AN 4, approacheas saro and MJ/M' approaches Infinlty, The
relation I

A=k | (7)
ginntein {10) polnted out that k = 2.8 for a suapension of
plgld wphores In a matein with a Paleson's ravlo of 0.,%0,
Burgers (1) han tabulated valuen af k for elllpsaidal o
Fiber-like partioles randomly wriented as a funeilon of the ratio
af the lepgeh aof the pavtinles to thetr dlamster, Lawln and
Nielsan (12) thesretloally and experimentaily determined k a8 a
funetion of the number af particles in ayyregates of aphares
Immarend In & matyin with & Polunon's vatla of 0,%0, The values
of k for matrioss with Paluaon's vatls leas than 0,50 han aever
haan detarmined, howaver, a yood appraximatlon should he the
method suggentad by Niwisen (13) . Thus, the ratlo of k at a
gliven value of vy tn the valuwe af k at vy * 0.5 ta glivan by

Tahle | for shear wmadull,

W, an agnation whioh takes Into avoount nearvly all the
factiorn whioh ave bmpovtant tn determinbng the moduluw ut s

vompoanlte Ini
I+ (k= 1) N*!

- -~ (W)
) ! “&4J

==



The appliocabllity of equation § to predict the modulus
of a matrin cvontaining strong rigid aggregates will be Lllustrated
hy using the data of Lewis and Nieleen (#) for agyregates of
about 20 glass spheres in an epoxy matein, In o bguid matrix
(Polason's ratio = 0,8), k = 4.4 and ¢, = 0.4 (13), 1In & rigid
epeuy matyin whare Poisson's ratin e 0,35, the predioted value
of k from Table | ie k= 1,81, Above the glace transitiun
tampare . ure wheare the epoxy matrixn Ie a rubber, the modulus ratlo
u,/ui approaches Infinity while helow the ylass tranaition
tamparature thins ratio e almut 20, Figure | compares the
exparimental values with the predicted values uning equations 2,
%, 7, and 0B, The exparimental values are somewhat low sinoe
they have not been onrvected for the "skin effeot” In wiiloh thare
in an excanas of polymer on the suriaoce (8),

A saoend applleation of esguation # can be Lilustrated by
a ovaloulation uf the longltudinal shear modulus Gy of flhey-
filled oomponites, Chaffey and Manon (14) and Jeffery (1%) glve
the generalived Binateln voaftlialent an 2,0 for thin vane, The
complen vomputer oaloulatione for 4. by Adame and Done (16)
can ba apptoanimated hy uaslng L 4 0,05 In squatione ¢ and 8,
™is valum of *m @ 0,0% 1e about half way hatween vublle pavking
(0.70%) and haxagunal packing (96G,7) for parallel rods A
reasonabie value, Flgure 2 showa the results uelng eguation #

along with the eguatlon of Halpin and Teal for the vane whare



u,/ul is very large, 'The caleulationn of Adams and Doner are
aleo shown, At high flber soroentrations, eguaticn # flee
the somputer caloulations much hetter tian the Nalpin-Tael
equation, My salightly vaduaing the vatue of 2,0 for the Kinsteln
cosfflolent to vorreet for Poluson's ratlo belng less than 0.9
and making minor adjustments in ¢ would undoubtedly improve the
thb,

Bquation # haw besn tested with many othe; oomposite
systema, and in nearly all vanen the agreament with experimental

data in good,
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Lin of rigures

Helative ahear madull of agyregates connieting of abeut

20 glass wpheren in a vubbery epony watrie and in a rigid
apoNy matrin with a Folason's ratio of 0,3% and u,/u‘ = 20,
Crosnen reapresent anperimsntal polnte. Curves aio v loulated
from eguation W,

Halative lopnglttudinal shess modulus of A fihar=fi]led vam-
ponite for the oane of N,/(ll « O, Curve A ~ lguation ¥,

Curve B~ the Halpin=Twal equation. X-Compuiey oaloulationn

of Adams and Dones
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A gonaraliued esguation e proposed for Jhn ralative elantiv

modull of composite materinle., Ny the introduetion of a generallsed

Rinetein coefficlont and a funetion whioh conniders the maximum

volumetrio packing fraction of the flller phane, the modull of many

typans of composite syeteme ocan be oaloulated,
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Compoaite materials
Rinstein coefficient
Rlastio moduli
Packing fraction
Ahear modulue
Young's modulus
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